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It is shown that the recently observed and unexplained behavior for the spin diffusion in 3He films
can be understood in terms of the Fermi liquid theory, provided nonperturbative effects characteristic
of the two dimensions are taken into account. It is conjectured that such a behavior suggests the
onset of a regime in which spin-current is conserved.
PACS numbers: 71.10.Ay,67.80.Jd,67.90.+z,73.50.-h
The theory of Fermi liquids in two dimensions (2d) has
been at the center of various settlements involving unex-
pected physics that has been arising in a broad range
of interesting materials. Examples range from systems
in the quantum Hall regime to copper-oxide supercon-
ductors, including quantum-fluid mixtures of 3He-4He.
These latter provided grounds for a recent observation of
unexpected behavior, whose main cause will be argued
in the following to be a consequence of the two dimen-
sionality of a general system of fermions. In a recent
Letter, [1] Sheldon and Hallock presented experimental
results for spin diffusion in a thin film of 3He on top of
a superfluid 4He film. The result for the spin-diffusion
coefficient (D) as a function of the 3He coverage (D3),
shows an upturn followed by a saturation and a down-
turn, as D3 is increased. These features could not be
reproduced by standard theoretical predictions. [2]
Throughout their past work, Hallock and collaborators
have managed to develop a notable degree of controll over
the various regimes that may be set in the rich systems
that constitute 3He-4He films. [3] In the work reported in
Ref. [1], care has been taken to guarantee that the 3He
film forms a 2d system of interacting fermions, with little
influence from the 4He superfluid film that seats below.
Hence one should be able to account for the observed fea-
tures using theoretical results from a 2d Landau theory.
It is argued in this article that the theory of 2d Fermi
liquids does account for the observed behavior (regarding
the existence of a peak in D as a function ofD3) provided
one includes nonperturbative effects that are inherent to
a Fermi liquid in two spatial dimensions. [4,5] It is also
pointed that the onset of regimes in the 2d Fermi liq-
uid for which spin-current is a conserved quantity, [6] is
related to such a peaked behavior, however more exper-
imental results are necessary to establish whether these
regimes may be tuned or not.
I shall start with some remarks on existing theoreti-
cal results, and explain why the first attempts to fit the
experimental data failed. I shall then devise the micro-
scopic scenario that accounts for the physics underlying
the peaked behavior observed, and calculate D, whose
result is plotted in Fig.(1), compared to the experimen-
tal points. It should be stressed that the aim here is
not to fully reproduce the experimental data, but yet
uncover the physics that leads to the observed peak. In-
deed, although the accuracy of the theoretical fitting is
quite remarkable and consistent with the long withstand-
ing experimental observations of Owers-Bradley et al. [7]
the existence of a saturation plateau is not accountable
in the simple model studied here. One possible reason
for such a behavior is discussed towards the end of the
text.
The phenomenological result for the spin-diffusion co-
efficient in two dimensions was derived in Ref. [2] and
reads
D =
h¯
pim∗
(1 + F a0 )
3C(λ)
(F a0 )
2(TF /T )2ln(TF /T )
, (1)
where F
a(s)
ℓ stands for the usual Landau antisymmetric
(symmetric) parameters, m∗ is the effective mass, T(F )
is the (Fermi) temperature, and C(λ) is a function of all
Landau parameters, given by Eq.(2). On fitting Eq.(1)
to experimental data, one should be careful with the ap-
proximation that is taken for C(λ). Based on the strictly
pertubative results of Havens-Sacco and Widom, [8] one
may reasonably disregard all high order Landau parame-
ters, which leads to an approximately constant value for
C(λ). Hallock and Sheldon tried to fit their experimental
results using this particular approach, with C(λ) ∼ 3/4.
However, the existence of nonperturbative effects intrin-
sic to the 2d Fermi liquid, predicted some time ago by
Engelbrecht and Randeria, [4] suggests that such an ap-
proximation for the diffusion coefficient is not valid in
general. Although single Landau parameters, which are
present in the formulas of most the equilibrium proper-
ties, may not show any unusual behavior as a function
of the density, the combination of various (usually infi-
nite) Landau parameters may drive a 2d Fermi liquid into
quite exotic regimes when the density is varied, as it has
been pointed recently. [6,9]
To carry a more specific discussion, the full expression
for C(λ),
C(λ) =
λ(Aa0)
2
4N2(0)z4
∞∑
n=1
(4n− 1)/(2n2 − n)
2n2 − n− 1 + λ|Γk↑↓↓↑(pi)|
2
, (2)
is conveniently written in terms of the vertex function of
perturbation theory taken in the limit of zero frequency,
[10] Γkσ1σ2σ3σ4(θ), where θ is the angle between the mo-
menta of two quasiparticles in a scattering process con-
strained by a Fermi circle and σi are spin labels. z and
1
N(0) are respectively the Green’s function residue and
the density of states, both at the Fermi surface. Here λ
stands for the inverse of a phase space sum, [11]
λ =
8∑
σi;θ=0,π
|Γkσ1σ2σ3σ4(θ)|
2δσ1+σ2,σ3+σ4
.
It is a straightforward yet not pleasant task to obtain
these expressions from the results of Ref. [2] This con-
venience of having closed expressions in terms of micro-
scopic quantities is a remarkable amenability of the the-
ory in two dimensions. The projection of Γkσ1σ2σ3σ4(θ) on
a conveniently chosen basis defines the Landau scattering
amplitudes A
a(s)
ℓ . [12] Using the forward scattering sum
rule for these amplitudes,
∑
ℓA
a
ℓ + A
s
ℓ = 0, one readily
sees that if only the leading order A
a(s)
0 are kept then
C(λ) is constant. [13] Note, however, that varying the
density may in principle drive the Landau coefficients to
combine in such a way as to bring Γk↑↓↓↑(pi) down to small
values, which causes D to increase. In this particular
case, if the spin-diffusion relaxation time becomes very
large, either another diffusion mechanism as spin-lattice
relaxation sets in or, in the ideal 2d interacting liquid, the
system will enter a regime for which spin-current is con-
served and a spin-viscous damping mechanism becomes
associated with the transport of magnetization through-
out the sample. [6,9] A sharp raising of the spin-diffusion
coefficient when one varies the density is then one of the
signatures expected at the onset of such a regime.
In order to obtain a result that includes all the parame-
ters, I start with the expression obtained by Engelbrecht,
Randeria, and Zhang [14] for the vertex part in the limit
of zero exchange momentum,
Γω↑↓↓↑(θ) =
pih¯2
z2mh
{
2pina2ssin
2(θ/2)
+
1
ln [2pina2s cos
2(θ/2)]
}
, (3)
where mh is the
3He hydrodynamic mass, as is a hard-
core potential radius, and n is the density, which is lin-
early related to the layer coverage D3 in the experiment
of Ref. [1]
The expansion paramenter of the theory is g =
−(ln 2pina2s)
−1, and for coverages ranging from 0 − 0.8,
g falls within the interval 0 − 0.58. Equation (3) follows
from an all-order ladder sumation in the spirit of the long
known results in three dimensions. [15] In this sense, both
terms on the right side of Eq.(3) are nonperturbative.
The first term arises from a pole in the vertex function
below the particle-hole continuum, and is a particularity
of two dimensions, since it results from the finite value
of the density of states for small momenta. This pole
is associated with a two-hole bound state. [4] Note that
this pole term has an essential sigularity in g and hence
it cannot be determined to any finite order in perturba-
tion theory. The second term contains the particle-hole
continuum contributions. Although these contributions
are separable in the dilute limit defined by the small val-
ues of g, the existence of a pole also phase-shifts the
continuum and on determining the unusual behavior in
the spin-diffusion coefficient, both terms are necessary.
However, the continuum alone yields no new physics in
two dimensions, it is the counterpart of the known three
dimensional rendered logarithmic divergences in the re-
pulsive channel. [16] Indeed, a calculation using only the
continuum (which will be shown elsewhere) leads to the
usual behavior for D, consistent with the result of Ref.
[8] in second order perturbation, and also with Eq.(1)
for a constant C(λ). This discussion establishes the two
dimensional nonperturbative nature of the unusual be-
havior in D, as derived in what follows.
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FIG. 1. Experimental data of Sheldon and Hallock (sym-
bols) and the theoretical fits (solid lines) at the corresponding
temperatures; same values of two fitting parameters are used
for all temperatures: the effective hard-core radius as = 0.75
A˚ whilst the vertical amplitude is fixed using solely the first
experimental point at 30mK.
In order to calculate the spin-diffusion coefficient from
Eq.(1) knowledge of the zero frequency limit of the ver-
tex part is necessary. These different limits of the ver-
tex function are related to each other through a Bethe-
Salpeter equation, [10]
Γk(θ) = Γω(θ)−N(0)z2
∫ 2π
0
dθ′
2pi
Γω(θ − θ′)Γk(θ′) , (4)
where the spin indices have been supressed for conve-
nience. Using Eq.(3) to define the kernel plus inhomoge-
neous term, this equation is numerically solved and the
result used to calculate D from Eq.(1). The outcome is
shown in Fig.(1) To fit the experimental data of Shel-
don and Hallock at the given temperatures, a choice of
2
as = 0.75 A˚ was made. Although the width of the peak is
rather sensitive to this choice, it should be noted that this
value for as is fairly close to the long withstanding the-
oretical fits to the magnetic susceptibility measuraments
of Owers-Bradley et al. in 3He films on Grafoil. [7] Such
fittings were achieved by using as ∼ 0.68 A˚ for a hard-
core potential and as ∼ 0.73 A˚ for a 6-12 potential. [8] To
account for the vertical scale, the theoretical result was
multiplied by a constant fixed by making the first exper-
imental point at D3 = 0.1 for the 30 mK curve coincide
with the theoretical value of D at the same coverage and
temperature. The theoretical curves for all other tem-
peratures follow with no extra adjustments. This fact,
plus the consistency of the value for the hard-core radius
with the experimental result for the magnetic suscepti-
bility, which is an equilibrium response in the spin chan-
nel, are rather suggestive that the physics underlying the
peaked behavior comes from the particularities of inter-
acting fermions in a reduced geometry.
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FIG. 2. Diffusion coefficient of Fig.(1) in a logarithmic
scale.
The discontinuity in the derivative of D near D3 = 0.8,
and its nearly constant behavior for intermediate cover-
ages are two features left unexplained by the above con-
siderations. While the former is consistent with the pro-
motion of 3He atoms to the first excited surface state of
the superfluid 4He, as it is dicussed by Sheldom and Hal-
lock in Ref. [1] the latter needs further considerations: A
full range plot of the theoretical result is shown in Fig.(2)
for T = 30 mK. The sharp peak shown in this figure is
actually a divergence of D occurring for D3 ∼ 0.3 layers.
This result holds for the ideal 2d Fermi liquid and indi-
cates that a regime for which spin-current is conserved
exists for the densities near the divergence. However,
the quasiparticles are coupled to the Nuclepore substrate
used in the experiment. This complication is not treated
here, and it causes the spin-diffusion to be several times
smaller than the theoretical estimates (a mean field tor-
tuosity factor, independent of the coverage, seems to be
sufficient to correct the measured values). [1] Hence, the
spin-diffusion cannot grow indefinetly in such a non-ideal
system. The fact that for intermediate values of the
coverage, D remains nearly constant as the coverage is
varied seems to be consistent with the nearly constant
“spin-lattice” relaxation times observed, suggesting that
a saturation-like behavior might be coming from an un-
derlying spin-relaxation mechanism with origin not in the
2d system of fermions but rather in the environment.
In summarizing, an explanation has been presented for
the existence of a peak in the recent measuraments of the
spin-diffusion coefficient as a function of the density in
3He films. Although the physical scenario builts from
quite traditional results, it is conjectured that such a be-
havior might be signalizing the existence of new regimes
of the 2d Fermi liquids predicted recently for which spin-
current is conserved. The experimental results are shown
also to support the predictions of Engelbrecht and Ran-
deria for the existence of a collective mode in systems of
interacting fermions, which exists only in two dimensions.
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